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Abstract: The goal of the research involves elaborating on the topics of statistical convergence, 
including statistical Cauchy sequences within non-Archimedean Neutrosophic normed spaces, as 
well as achieving specific useful conclusions. The present research shows how, within a 
non-Archimedean field, certain sections of statistically convergent sequences that could not be true 
often become true. Likewise, we created statistically complete and statistically continuous spaces 
for such regions that demonstrated certain essential facts. « indicates a complete field of 
non-Archimedean and non-trivially valued research. 
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1. Introduction 


Zadeh [16] became the initial one person who creates the fuzzy set using a membership 
function. Many later researchers were adapted this idea to classical set theory. Atanassov [1] 
introduced an Intuitionistic Fuzzy (IF) set theory. Saadati along with Park proposed the notion of IF 
normed space. The study of analysis through fields of Non-Archimedean (NA) is referred to as NA 
analysis. Suja and Srinivasan [15] newly created statistically convergent along with statistically 
Cauchy sequences within NA fields. Eghbali and Ganji [3] investigated NAL-fuzzy normed spaces 
for extended statistical convergence. The research shows that statistical convergence exists in 
Non-Archimedean Neutrosophic Normed Spaces (NA-NNS) and confirms that key properties of 
statistical convergence from real sequences are still valid in NA fields [2,4-5,8-14]. The research 
article concentrates primarily upon the analysis of sequences in the field of NA x. 

In 1998, Smarandache [12] developed the ideas of neutrosophic logic in addition to the 
Neutrosophic Set [NS]. Kirisci and Simsek establish the Neutrosophic Metric Space [NMS] 
suggestion which is associated with membership, non-membership and neutralness. Jeyaraman, 
Ramachandran and Shakila [7] established approximate fixed point theorems in 2022 regarding 
weak contractions on Neutrosophic Normed Spaces (NNS). Statistical A” convergence in NNS was 


recently presented by Jeyaraman and Jenifer [6]. 
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A sequence = {wy} is said to have been statistically convergent towards a limit 2when for 


oy bate - 
any @>0, lim Hp <n: |v, - 2 > o}=0. 


In that case above, we put stat- limv, = &. 
Pra 


Example 1.1. Consider to define the = {v,} sequence by 


p-l1 
y= 
0, otherwise; 


, pg isaperfect square. 


Selecting the NA valuation to be 2-adic, the sequence terms become (0,0,0,1,0,0,0,0,1/8,0,0,....). 
As a result, it converges to zero statistically. 
A sequence of Statistically Cauchy (SC) when for all @>0, then existing a range  € N such that 


lim{i <n: NEN: [E41 — 31 = G}=0 


N-> Co 


Consider that x to be NA fields. A valuation on kis referred with the NA if it meets these 
three given axioms: [1] 

(i) |z| 20 and|z| =0 iff #0, 

(i)[25] = [z|/51, 
(iii) [¥ + 5] < max[|¥, |5|] for every ¥% € x (Ultrametric Inequality). 


2. Preliminaries 

Here, we will go through the notations along with definitions which will be utilized throughout this 
article in order to ensure a general understanding of the terminology and symbols used. 

Definition 2.1.The 7-tuple (&, ¢, @, p,*,0,*)is said to be a NA-NNS, if * acts as a continuous 

t-norm, * and x*acts asa t-co norms which are continuous, = become a vector space over a field k 
and then ¢,@,wW are fuzzy sets functions on = x R to [0,1], forall v,A€= and f, fe x. 

(cnl) ¢(v, f) + o(«, £) + W(w, F) <3 

0<¢(v, $)< 1,0 < o(v,f) <1and0<y(w,f) <1; 


) 
) 
) 
) 
(cn5) Gyo, f) = ¢(v, 4), for all ¥ € Rand 7 + 0; 


(cn6) ¢(u + A, max{f + i) = (uw, f) * (A, 8), 
(cn7) ¢(w,.): (0,0) > [0,1] and it is continuous, 


(cn8) jim ¢(v, #) =1and jim c(o, #) = 0; 


(cn9) (wv, #) <1; 
(cn10) (wv, f) =0ev =0, 


(cn11) $ (Fe, f) = @ (v4), for all 7 € Rand 7 # 0; 


=. 
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(cn12)o(v + A, max{f + 8) < o(v,#) o o(A,8), 
(cn13) @(v,.): (0,00) > [0,1]and it is continuous; 


(cn14) jim o(v, £) =0and jim o(,#) = 1; 


(cn15) p(w, #) <1, 
(cn16) W(v,#) =09ov=0, 


(cn17) v(vo, f) =v (o, =), for all 7 € Rand 7 #0, 


(cn18) p(w + A, max{f +B) < (wf) * o(A,9), 
(cn19) w(v,.): (0,00) > [0,1] is continuous and 


rene) im p(w, f) = 0and ue p(w, f) =1. 


Here, (¢, @, w) is known as a NA-NNS. 
A sequence {v,} is referred to be convergent in NA-NNS (2%,¢,@,~,*,°,*) or simply 
(¢, @, p)-convergent to ¥€Zif for all f>0 and @>0, then there exist y EN so that p => Po, 

¢(v, —%$) > 1 -G,(v, -£ 4) <@ and p(w, -3,f) <G@ 
In this case, we write (¢, @, p) — limv,=%. 
Example 2.2 Let (©, ¢,@,w,*,0,x)be a NA normed space, v* A=vh, uv o A= min {uv + A, 1} andy * 
A= min {vu + &, 1} for all v,A€ [0,1]. For every ¥€E, every €>0 and p= 1, 2,....Consider the 


following form, 


é ma 
aa ——— 0 
¢(28) = 184 pial a 
0, E <0; 
pllzll ; 
“ — 0 
op( 8) = 42+ pl os 
0, E<0; 
lll | . 
oe =, 0 
¥,(2=1 2 = te 
0, E <0; 


Then (&, ¢, @, p,*,°,*) which isa NA-NNS. 
Definition 2.3 A {v,} sequence in a NA-NNS(é, 6, @, i,*,°,*)is said to be a statistically convergent 


towards a limit ¥€2 relate with the NA fuzzy norm (¢,@, ) when for each @>0 and £>0, 
1 2, se 2,2 wig 
lim—|{e <n: (vw, -3,f) < 1-6 or $(v, - x, f) = @and p(w, -zf) = @}| = 0. 
n 
In this case, we write stat, — lim, = where iis the statz 4 y- limit. 
2 


Example 2.4 Let (Qp,|.|) indicate the p-adic numbers space in the standard norm, and consider 


uv eh=vh, voh= min {ve +A, I} and vw «A= min {vu +A, 1} for every v,A€ [0, 1]. For every 


%€Qpand all &>0, letéo(¥, é) = a’ Pol é) = a andwo(z, é) = oot In this case observe that 


(Qp,6, Q, W,*,9,*) isa NA-NNS. 
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Define a sequence X= {wv} the terms of which are provided by 


ig = ifp=m'*(meN) 
P 0, otherwise; 


Then for every 0 <@<1 and for any E>0, let Kn(G, é) =psn: Cov, f) < 1-—- Wor Go(%p Ff) > 
@ and Po(p#) =O. 


Since 
Pll. a ang Ziel . 5 
lB S)=(wsniz < OOF ae alae > Band ——* > 3} 
iA vl + ellvpll é 
eee ={y <n: |v,|=1} = & s 2: p= mm’ andm EN}. 
We have, 
TMs cecazeces, ok WH 
= len(@ 8) =a <n: p=m'andm € N} < me 
This yields that 


lim— “len(@, |= = 0. 


Hence by the above definition, statzg —limv, = 0. 


3. Statistical Convergence on Neutrosophic Normed Spaces 

Here, that portion having the goal is to determine theorems concerning convergence and statistical 
convergence within the context of NNS over NA fields kK. 

Lemma 3.1 Let (&,¢, @, W,*,9,*) be a NA-NNS. After that the given statements is equivalent for all 
@>0 and f$>0 

(i) Statzgy — lim Uy =k. 


(ii) lim*|{p < n+ (uv, - 26) S1-G}| = lim |{(p <n: G(v, -2f) = 3}| 

= lim |{p <n: W(w, 86) 2 a} = 0. 
(ii) im —|{p <n: (vp -2.8) > 1-5,0(0y-2.8) < Gand Y(v, —8f) <a] = 1. 
(iv) lim=|{p <n: 6(v, — BF) > 1-3}| = lima |{p <n: ov, -¥F) < Gd} 


= lim=|{p <n:b(v, -£#) <d}=1. 


(v) stat — lim (wv, —3,f) =1,stat —lim ov, —3,f) =O0and stat —lim p(w, -—%,f) =0 
Theorem 3.2 Let (E, ¢, @, p,*,°,*) be a NA-NNS. If a {uv} sequence is statistically convergent with 
respect to the NN(¢,@, W), then statz,g, —limit is unique. 


Proof: Assume that statz gy — lim UV, =X and stateg y — _ Wy = X2. Consider a given@ > 0, select 


E>0 so that we have(1 — é) «(1 - €) >1-6,€0& < Gand ExE<G. After that for any 


> 0, define the sets given below: 
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PoalEB) = MEN : Sv, -28) 51-8}, HealF.F) = (EN : Sv, - 28) S 1-53, 
PoalE.b) = (EN: Op—-H AZT}, orl. 8) = WEN : Oy — yf) = 5} and 
PoualS.F) = WEN : by -EA) 293, Py2lE.8) = WEN : WW, -3,f) =H. 


Since statzoy —limv, =%,, we have 
? 


1 P 1 Z i 
lim— (M5, (G,4)} = lim— {p,-1(@, f)} = 0 for all f > 0. 


Furthermore, using statz y — tim Up = 2, we get 


lim “(e2 (@, §)} = lim - {1-2(@,8)} = 0 for all § > 0. 
Now let, 
Pow(G, 8) = {P51(G, 8) V P52(G,6)} 0 {Po.1(GF) V Po2(G,8)} 9 (Pvs(GF) V Py2(G F)}. 
If Pe04(G8) = Peow {Pea(@ 8) U P¢2(G,6)} = Pp {Po.1(GF) UV Pp2(G,F)}and 
{Py,1(@, 8) V Py2(G,F)} = Py thengzoy = Pe1 29 Py 


ae eee . 1 
Then observe that, lim? (Pow) = 0. which implies, lim = (5, owt = 1. 


If pe De ow then there are three possibilities to consider: 


Then we have to select the initial part which is p € {p§}, the second part which is y € {py} and the 


lateris p € {v5}. 
We first consider that y € {p£}, then we have, 
é(%, = 2,6) = ¢(%, Vy tT Uy — i, 6) 2 6(%, — Uy $) * Sp aa Xf) 
= é(v, = i #) - A Com a Xf) 
> (1-€)+*(1-). 
Since (1 a é) * (1 - é) > 1-4, it follows that 
é(%, —%,,f) >1-G. 
Since @ > 0 was arbitrary, é(%, = if) > 1 for all #>0, which given X, = Xp. 
On the second hand, if y € {v5 }, then we may write that, 
oi - tf) s Ov, = if) ° ov, = i, f) <Fo€. 
Now using the facté o € < @, we see that@(z, — 3,,f) <G@. 
Again, since@ > 0 was arbitrary, we have ~(%, — ¥2,f) = 0 forall #>0. 
This implies ¥, = X2. 
And on the other side, if y € {ph } then we put 
w(% _ i, f) s pe, = if) «pv, - if) < Ex. 
By usingé *E <G, we get w(z, = if) < GO. 
Hence @ > 0 is arbitrary, p(k, = a = 0 for every $> 0, which implies ¥, = %2. 
Therefore, statgy — limit is unique. 
Theorem 3.3 If a sequence {v,} in a NA-NNS (E,¢,¢@,W,*,9,*) is (¢,@,) —convergent to ¥ € , 


then this is statz4y —convergent towards x € E. 
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Proof: Since {w,} is (¢,@, p) —convergent towards € &, for all @> 0 and $> 0, then there exist ny € 
N such that for all n > Np, 

(wv, -Z£f)>1- ®, Ov, —3,f) <@and W(v, -3,f)<@. 
This given the set {y EN: ¢(v, — %,$)<1-@Gor @(v, - %,$) =>@and (vy, - %,$) = } has at the 
most a finite number of terms. 
? <n: (wv, -3,f)<1 — & or O(w, -Zf)= “y =, 


i.e.,lim= ag 2 
nn and p(v, -%$) => 


i.e.,stategy —limv, = =. 
Note: It is interesting to note that the converse of this, which is not true classically, is true in a 
NA-NNS as shown below. 


Let {vw} be statz4y — convergent towardsx € E. Then for all@> 0 and $> 0, 
sol eer AEN GE S , octets or 
lim — |{p <n: (wv, -3,f) <1-G or O(, -zf) => @ and (wv, -zf) = @}| = 0. 


Now to prove that {v,} is (¢,@,W) — convergent tow € =. i.e., to prove that for all @ > 0 and $>0 
therefore n) € N exists in that way and for every n = No, 

(wv, = z,f) >1-G@and ov, = z,f) < @ and p(w, a z,f) < @. 
Let us assume the contrary that, 

(wv, -~%f)<1- @ or @(v, — %f)= and p(w, -~%,f)>6. 


This implies that the set 


has infinitely many terms. 
ie, lim=|{v <n: (wv, -%,f)<1-@ or O(, —%,f) >@and p(w, —%,f) => @}| #0 which is a 


contradiction. Therefore, {uv} is (¢, @,w) —convergent to uv € E. 


Theorem 3.4 Let {v,} and {A,} be sequences in a NA-NNS(E,¢,@,W,*,0,*) so that statgoy — 


lim v, =” and statzgy — iim h, =h, where v, AEE. Then we have statzgy — lim (wy + 


N- Co 


hy) =U th. 


Proof: Let state — Jim Uy, =v and stategy — Jim hy, = %, choose €> 0 such that (1 - é) * 


(1 — é) >1-6,&& < Gand E«é < Gfor a given® > 0. Then, for $> 0, define 
Poaldf) = (PEN : Svp — vf) s 1-3}, 

Pe2lE #) = (PEN: (A,-AF#) $ 1-8, 

PorlS 6) = (PEN: G,—- wf) =H}, 

PorlS, 8) = (WEN : GAy — Af) = Syand 

Purl. F) = (PEN : py — v,$) 28}, 

PurlS.F) = (EN : phy — AF) =. 


Since stat;,,,, — lim v, = wand stat:,,, — lim A, =A, 
SPP paw ? OPP pam # 


1 P 1 P 1 . 
lim {¢. (3,6)} = lim {0 91(3,8)} = lim—(y.(6, #)} = 0, 


=. 
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lim— (peo (@.6)} = lim = {p(@, #)} = lim— {py2(@,A)} = 0. 
Now let, 
Peowl®.) += {ex(G.H) UPe2(GA)} 9 (Poa(G.6) U Pp2(B.A)} 9 (Hya(G.8) Vapa(G.f)} 
i.e, if R= Keop(GF), 81 = {0 1(G,F) V He2(GF)} R82 = (Po(GF) V H92(G F)} 
Ks = {py1(@, 8) U Py2(G,F)}. Then & = KN Ky N Ks. 
Since R°is anon-empty set. Consider y € &°, then we have three possible cases. The former is 
p € KS, the second is py € KS$and the later is y € R$. First consider, y € Kf, then we have, 
é(v, —v,f) >1-éand (Ap — hf) >1-é. 
Now, we have, 
Cy + hy — 0 — Af) > Oey — of) «oy — AA) 
5 (1) a2). 
Since (1 — €) x (1— €) > 1—G, it follows that ¢(v, +A, —v —A,f) >1-@. 
Since @ is arbitrary, é(v, +h, -v - h,f) = 1 forall £>0, 
which yields,¢(v, + A, — (v + A), f) = 1. 
Similarly, if g € K§ then, 
$(v, = v,$) < éand P(Ap — hf) <é. 
= OU, t+ hy —¥ -AB) S O(Up — U8) 9 O(Ap -MF) << E< EE. 
Since @ is arbitrary, $(v, +h, -v- h,f) = 0, forall $ >0 
= o(%) +A,-(v +A),f) =0 
And if g € &§ then, 
p(w, —v,f) < éand (A, = hf) 4 
= Wr, +h,-0 -AF) < Wo, — 0 £) * Why —- BB) < E < Ex ES. 
Since @ is arbitrary, (wv, +h,-—v—-Ah, f) = 0, forall § >0 
= wv, +h4,-(+A),f#) = 0. 


Thus, state gy — jim (w, + fy) =ut+A. 


Theorem 3.5 Let (2, ¢, @, p,*,0,*) be an NA- NNS over x. If lim ¢(v, — vf) = Llim (wv, — vf) = 


1and lim (wv, aa v,$) = 1then statz,, — lim v, = v. 
pro 


Proof: Letlim (wv, a vf) =1,lim o(v, - vf) =1and lim W(v, - vf) =1. Then for all é> 0 
and @ >0, that is a number #) EN in that way, (wv, —4, f) >1- ®, (vy on vf) <@ and 
W(v, - vf) < @for every = fo. Hence the set, {p EN: e(v, —Y, f) <1-@G, o(v, _ vf) 2 
@ and p(w, —v,f) = &} has a finite number of terms. 
? <n:¢(v, —v,f) <1-Gor O(v,-v,f)= “ i 
and p(w, — vf) =@ 


: 1 
So, lim— 
n n 


Thus, stat:,,,,— lim v, =v. 
Z OOP pw ? 


4, Statistically Cauchy Sequences on NNS 
Definition 4.1 Let (&, ¢, @, p,*,°,*)be a NA-NNS over k. Then, a {uv} sequence is referred to be SC 


when for each @ > 0 and #>0 therefore N exists in which case for every py, mM=N, 
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tim = <n: é(v, — Um F) <1- GtOE o(v, = Um) = “H a 
nn and W(t) — Um $) = @ 
Definition 4.2 Let (&, ¢,@, W,*,°,*) be a NA- NNS. A sequence {wv} is refer as a Cauchy sequence 
when for each@ > 0 and #> 0, that isa number, € N exist that way, for every 9,M2 Po, 
(wv, —VUm f) >1- ®, (vy —Um f) < @ and (wv, —VUm f) <0. 

Theorem 4.3 Every Cauchy sequence with respect to (¢,@,) in NA- NNSG, ¢, @,¥,*,°,*) over K is 
SC. 
Proof: If {v,} is a Cauchy sequence with relate to (¢,@,), then there exists) € N for all @ >0 
and #>0and let ¢ be an arbitrary constant, we have 

C(t pre = Up) >1-G6,¢@ (tyse - Up) < @ and W(Opse - Up F) < O. 
penN: (pre — Uy, f) <1-@Qor PO pre — Uy f) >O 


F ss is limited. 
and W(Opse - Uy f) =O 


The number of terms in the set 
So 


1 
lim — 


Pree <n: (pre — Up B) < 1-— Dor O(U pit — Up F) > zi = 
nn 


and W(Opse _ Uy b) =O 


Theorem 4.4 If a statistically convergent sequence in a NA- NNS (&, ¢, @, w,*,*,*) over x, then it is SC. 


Proof: If the sequence {v,} is statistically convergent to x then, 
1 {” <n:6(v, -%f) <1- Gor ov, -%F) | 


lim — — 
nn and (wv, -%$) =>@ 


Now, we get 


, 1 ON te 
m= | and Pvp — Unf) =D 
‘ Pm sn: (vy —¥,F) «(Um —EF) S1-G 
= lim— or (Up —3,6)° O(Um —% 8) = @ =0 
nN 


and p(w» — £6) * W(tm —%EF) =G 


5. Statistically complete and statistically continuous on NNS 
A NA- NNS €,¢,@,,*,°,*) is said to be complete if all(¢, @, p)-Cauchy is (¢, @, p)- convergent. 
Definition 5.1 A NA- NNS (©, ¢,@,1,*,°,*) over K is said to be statistically complete when all SC 
sequence with respect to (¢,@, W) is statistically convergent in relate with the (¢, @,w). 
Theorem 5.2 Every NA-NNS (£,¢, @,,*,°,*) over xk is statistically complete with relate to (¢, @, ~W). 
Proof: Let {vr} be SC. If it is not statistically convergent tox € = , then we get, 
tim =f" <n: (wv, — Um) <1-@or o(v, - Um) = “Hl 

and (wv, —VUm f) =O 
DM Sn: (Uy —EF) * C(Um — 2%) 
= lim— or @(%, —%, 6) ° O(Um — EF) = 


and p(w, — Zh) «(Um —EF) 2G 


nn 


which is contradiction. 
Definition 5.3 Let (&,¢,@,~,*,0,*) be a NA- NNS over k. A map #: E>EZ is called (¢,¢,) 
continuousat a point » € £, when the sequence with convergence in the NA-NNS implies that the 


sequence #(v,) to #(w) convergence in the NA- NNS. 
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Definition 5.4 Let (&,¢,@,y,*,0,*) be a NA- NNS overk. A map #: E> & is called statistically 


continuous at a point » €, when stat, 


Bab lim =v implies that statzy — pis Fy) = 40). 


Pe p 
Theorem 5.5 Let (&,¢,@,w,*,0,*) be a NA- NN space over. If #: £ > Eis continuous in relate to 


the (¢, @, w), then this is statistically continuous. 


Proof: Let {v,}€= and statzy, — lim v, =. Then for every® >0 and #> 0, the inequality, 
pron 


é(v, — 4, f) >1- @, O(v _ vf) < @and W(v, = vf) <@ implies that (Fry) = jv), #) > 
1- ®, (4p) — 74), f) < @ and (4%) - Gv), #) <@. Since # is continuous in relate to 
the (¢,9,w) atu € = . Thus, 
(’ EN: ¢(4(wp) — GW), #) S$ 1- & or GG(w,) — 4), F) = “ 
and w(4(7,) - Gv), $) =@ 
peN: (v, — vf) < 1-—@and (wv, - vf) =@ 
c| and (wv, — vf) =@ 


Since, state ay — pu Up =v. 
We have 
tim =” <n: (w, -—v,f)<1- Hor o(v, -—wv,f)= a = 
nn and p(v, — vf) = @ 
This implies that, 
ine i <n: €(4(vy) — 4(v),#) <1-6or 0(4(vy) — dv), #) > “y =i 
nn and W(4(vp) — 4(v),$) =O 


This means that, statz gy — ae ivy) = 74(v). 


Hence, # is statistically continuous. 


6. Conclusions 

The NA fields were extended from Archimedean fields with the established outcomes. In this 
article, we prove certain including relations involving statistical convergence along with SC 
sequences on the NNS regarding NA fields. 
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